Abstract. In this paper we generalize the idea of "essentially unique" representations by ternary quadratic forms. We employ the Siegel formula, along with the complete classification of imaginary quadratic fields of class number less than or equal to 8, to deduce the set of integers which are represented in essentially one way by a given form which is alone in its genus. We consider a variety of forms which illustrate how this method applies to any of the 794 ternary quadratic forms which are alone in their genus. As a consequence, we resolve some conjectures of Kaplansky regarding unique representation by the forms x 2 + y 2 + 3z 2 , x 2 + 3y 2 + 3z 2 , and x 2 + 2y 2 + 3z 2 [18] .
Introduction
The concept of connecting the number of representations of a ternary quadratic form to the class number for binary quadratic forms dates back to Gauss [11] . Gauss was the first to introduce many fundamental concepts such as discriminant, positive definite form, and equivalence of forms. After introducing these fundamental notions, he related the number of representations of an integer by x 2 + y 2 + z 2 to what is essentially the class number for binary quadratic forms.
Representation of integers by x 2 + y 2 + z 2 , has been studied by many mathematicians since the time of Gauss. Building on the work of Hardy, Bateman [3] derived and proved the formula for the number of representations of a positive integer as the sum of three squares. We point out that this representation formula is a special case of the more general Siegel formula which can be found in [21] . We mention this since our treatment often relies on the Siegel formula, which we will describe in the next section.
Rather than discussing the total number of representations by a quadratic form, one can identify solutions according to a given relation. In the case of the form x 2 + y 2 + z 2 , identifying solutions which are the same up to order and sign is equivalent to partitioning a number into three squares. In 1948, Lehmer considered partitions of an integer into k squares [19] . We refer the reader to [15] for a recent (2004) discussion of this topic.
In 1984, Bateman and Grosswald essentially classified all integers which have one representation up to order and sign by x 2 +y 2 +z 2 [4] . Their proof assumed they had the complete list of discriminants of binary quadratic forms with class number less than or equal to 4. In 1992, Arno completely classified all discriminants of binary quadratic forms with class number less than or equal to 4 [1] . Bateman and Grosswald's assumption was proven correct.
In 1997, Kaplansky considered the forms x 2 + y 2 + 2z 2 , x 2 + 2y 2 + 2z 2 , and x 2 + 2y 2 + 4z 2 [18] . He identified solutions which are the same up to "order and sign", and deduced which numbers are represented in essentially one way by the aforementioned forms. He utilized the completed list of discriminants of binary quadratic forms with class number less than or equal to 4 to deduce the integers with essentially unique representation by the forms he considered. Kaplansky then conjectured about the numbers which are represented in essentially one way by the forms x 2 + 2y 2 + 3z 2 , x 2 + 3y 2 + 3z 2 , and x 2 + y 2 + 3z 2 .
In this paper we employ the results of Watkins [23] to resolve Kaplansky's conjectures. Furthermore, we extend the idea of essentially unique representation beyond diagonal forms, where we must consider more than "order and sign". Our treatment will apply to any of the 794 ternary quadratic forms which are alone in their genus. The determination of these forms was first explored by Watson [24] , with the final touch delivered by Jagy, Kaplansky, and Schiemann [17] . (See also [20] .) For the remainder of this paper, we call a form idoneal when it is alone in its genus. We point out that x 2 + y 2 + z 2 , along with all the ternary forms discussed in [18] , are idoneal.
In Section 2, we will give the necessary definitions and notation as well as discuss automorphs and "essentially unique" representations. We then outline the general approach of how to use the Siegel formula along with class number bounds to derive integers which are represented in essentially one way by an idoneal ternary form. The largest class number bound we utilize in this paper is 8. We have compiled tables in the Appendix which list all discriminants of binary quadratic forms with class number less than or equal to 8 according to class group type.
In Section 3, we will consider the non-diagonal forms x 2 + y 2 + z 2 + yz + xz + xy, 3x 2 + 3y 2 + 3z 2 − 2yz + 2xz + 2xy, and x 2 + 3y 2 + 3z 2 + 2yz. These forms are selected and grouped together in Section 3 because we treat these forms by relating them to x 2 + y 2 + z 2 . This generalizes the approach of Kaplansky [18] to non-diagonal forms, and we comment that the three selected forms are among many which can be handled in a similar fashion. In particular, if f is an idoneal form of discriminant ∆ = 2 k , then one can find the integers which are uniquely represented by f by reducing f to x 2 +y 2 +z 2 .
In Section 4, we will examine the non-diagonal forms 5x 2 + 13y 2 + 20z 2 − 12yz + 4xz + 2xy and 7x 2 + 15y 2 + 23z 2 + 10yz + 2xz + 6xy. Both of these forms can be treated by the methods of Section 3, however we chose to use the Siegel formula along with local density considerations to derive the integers which they represent in essentially one way.
In Section 5, we resolve the aforementioned conjectures of Kaplansky. Explicitly, we find the integers which are represented in essentially one way by x 2 + y 2 + 3z 2 , x 2 + 3y 2 + 3z 2 , and x 2 + 2y 2 + 3z 2 , by applying the method outlined in Section 2. Section 6, also called the Outlook, contains our concluding remarks. In the Outlook we consider the form x 2 + 3y 2 + 3z 2 + yz + xy which is not idoneal. We sketch the proof that we have found all integers which are represented in essentially one way by this form. We conclude this paper with prospects for future work.
Notation and Preliminaries
We use the notation (a, b, c, d, e, f ) to represent the positive ternary quadratic form ax 2 + by 2 + cz 2 + dyz + exz + f xy. We remark that this paper only considers positive ternary quadratic forms. We use (a, b, c, d, e, f ; n) to denote the total number of representations of n by (a, b, c, d, e, f ). We take (a, b, c, d, e, f ; n) = 0 when n ∈ N. The associated theta series to the form (a, b, c, d, e, f ) is
The discriminant ∆ of (a, b, c, d, e, f ) is defined as
We note that the discriminant ∆ > 0 for a positive ternary quadratic form. Two ternary quadratic forms of discriminant ∆ are in the same genus if they are equivalent over Q via a transformation matrix in SL(3, Q) whose entries have denominators coprime to 2∆.
Let A be a 3 by 3 matrix of determinant ±1. A is an automorph for the form (a, b, c, d, e, f ) if the action of A on (a, b, c, d, e, f ) leaves (a, b, c, d, e, f ) unchanged. We denote the set of automorphs of (a, b, c, d, e, f ) by Aut(a, b, c, d, e, f ). A discussion of automorphs for ternary quadratic forms is given in [9] . We use Sage 5.1 to explicitly compute the automorphs for the forms considered in this paper. We now give a brief example by considering the 8 automorphs of the form (1, 3, 4, 3, 1, 0) . We have
To give a further illustration, we note that (1, 3, 4, 3, 1, 0; 19) = 12. Under the action of Aut(1, 3, 4, 3, 1, 0), the solutions form two orbits:
The solutions in O 1 are easily identified as the solution (4, 1, 0) up to sign. However the solutions in O 2 are not so readily identified as being equivalent under the action of automorphs.
Identifying solutions which are equivalent under the action of automorphs is the way to generalize previous authors' ( [4] , [18] , [19] ) notion of solutions being equivalent up to "order and sign". When the solutions form exactly k orbits under the action of automorphs, we say the form represents the integer in essentially k ways. We say an integer has an essentially unique representation when the solutions form 1 orbit under the action of automorphs. We also note that if f is any ternary quadratic form then f (x, y, z) = n implies f (−x, −y, −z) = n. Thus if f represents a positive integer n, then f represents n in at least two ways. Hence there is little ambiguity if we say that f uniquely represents an integer when the solutions form 1 orbit under the action of automorphs.
The focus of this paper is concerned with finding integers which have an essentially unique representation by a given idoneal form. In particular, we give a method which enables one to find all integers which are represented in essentially one way, by an idoneal ternary quadratic form. We now introduce an essential tool to our method, the celebrated Siegel theorem for positive ternary quadratic forms.
Theorem 2.1. Let G be a genus of positive ternary quadratic forms of discriminant ∆. Then
where R t (n) denotes the total number of representations of n by t, and it is understood that the sum on the left is over representatives of each equivalence class in the genus G. The product on the right is over all primes p, and the mass of G is defined as
We remark that the limit in (2.3) can be removed as long as we take k large.
Theorem 2.1 is a special case of the general Siegel theorem given in [21] . When the form f is idoneal, Theorem 2.1 gives an explicit formula for R f (n).
Corollary 2.2. Let f be an idoneal ternary quadratic form of discriminant ∆. Then
with all notation as previous.
In [21] Siegel shows that when (2∆, p) = 1 we have , we obtain a very explicit formula for the total number of representations of an integer by an idoneal form. Employing (2.4) it can be shown that
. Lastly P (n, ∆) is given by the finite product
where the product is over all primes p ∤ 2∆ such that p 2 | n, and b is the largest integer such that p 2b | n. We note that the only property of P (n, ∆) that we use is P (n, ∆) is a finite product with 1 ≤ P (n, ∆). Lastly, P (n, 4 k ) = P (n, 4) = P (n, 1) and so we define the abbreviated P (n) := P (n, 1).
Combining Corollary 2.2 with (2.5) yields
where f is an idoneal ternary quadratic form of discriminant ∆.
If we factor n as n = 4 a · m · d 2 with 2 ∤ d and m squarefree, then
Dirichlet gives a wonderful connection between L(1, χ(m)) and h(D), the number of reduced primitive binary quadratic forms of discriminant D = −m or D = −4m [10] . We call h(D) the class number of discriminant D. The relationship between L(1, χ(m)) and h(D) is given in the following theorem. , we have
See [6] for details.
Let f be an idoneal ternary quadratic form. A necessary but not sufficient condition for f to uniquely represent n up to the action of automorphs, is
We employ (2.8) along with Theorem 2.3 to give an explicit lower bound for R f (n) in terms of the class number. We then classify the n which satisfy (2.11), and call this set the prelist of f , denoted by Prelist(f ). We need only check which elements of Prelist(f ) have the property that their solutions form one orbit under Aut(f ). There are only a finite number of elements of Prelist(f ) we need to check, and we employ Maple V.15 to compute the number of orbits of the solutions. Of course, solving for the elements of Prelist(f ) requires one to have information on the bounds of the class number.
Hence we now discuss class number considerations. [2] , [12] , and [13] .)
The latest developments are given by Watkins [23] . According to Watkins, the largest (in magnitude) fundamental discriminant d with class number less than or equal to 8, is d = −6307. We can enumerate those with non-fundamental discriminant by employing the formula
f is the conductor of D, and w D is given by
Equation (2.12) is Lemma 2.13 in [22] . An application of (2.12)
Another important use of (2.12), is we can combine (2.9) with (2.12) to remove the restriction of m being squarefree in Theorem 2.3.
In the Appendix, we include tables of the 527 discriminants (fundamental and non-fundamental) with class number ≤ 8 organized by isomorphism class of the class group. We generated this complete set by utilizing the bounds found in [23] along with (2.12). We then used PARI/GP V.2.7.0 to identify the isomorphism class of each class group, and compile the tables.
We now move on to Section 3, where we consider the form (1, 1, 1, 0, 0, 0) and derive the corresponding prelist. We then use this prelist to find the integers which are uniquely represented by the forms (1, 1, 1, 1, 1, 1), (3, 3, 3, −2, 2, 2), and (1, 3, 3, 2, 0, 0).
3. Some ternary forms of discriminant 2, 4, 32, 64 and their relation to
where s := x 2 + y 2 + z 2 , and all other notation is given in Section 2. We comment that equation (3.1) follows from (2.8) as well.
Since |Aut(s)| = 48, the prelist of s consists of all n with 0 < (1, 1, 1, 0, 0, 0; n) ≤ 48. By congruence considerations it is easy to see that (1, 1, 1, 0, 0, 0; n) = (1, 1, 1, 0, 0, 0; 4n), and so we restrict to 4 ∤ n.
We refer to [5, Equation (1.5)], for the function d s,2 (n). We have
for n ≡ 0 (mod 4). We need not consider n ≡ 7 (mod 8) since (3.2) and (3.1) imply (1, 1, 1, 0, 0, 0; n) = 0 for such n.
Both n = 1, 3 satisfy 0 < (1, 1, 1, 0, 0, 0; n) ≤ 48. Employing (2.10), (3.1), and (3.2), we find
Our goal is to solve for n which satisfy
We point out that to solve (3.4) we need information regarding discriminants with class number 4. Employing the tables in the Appendix, we solve (3.4) and find there are a total of 53 integers n with 4 ∤ n, and 0 < (1, 1, 1, 0, 0, 0; n) ≤ 48. We remark that three spurious solutions, n = 49, 75, 99, satisfy In Table 1 we tabulate the integers 4 ∤ n with 0 < (1, 1, 1, 0, 0, 0; n) ≤ k for select values of k.
We now check which integers in Prelist(1, 1, 1, 0, 0, 0) are represented in an essentially unique way, and arrive at the following theorem. Theorem 3.1 was previously established in [4] . However we additionally derived Table 1 in the process of proving Theorem 3.1, and we employ Table 1 to find the integers which are uniquely represented by certain forms that are considered in subsequent sections. Table 1 (1, 1, 1, 0, 0, 0; n) 4 ∤ n 0 < (1, 1, 1, 0, 0, 0; n) < 6 n ∈ {} (1, 1, 1, 0, 0, 0; n) = 6 n ∈ {1} 6 < (1, 1, 1, 0, 0, 0; n) ≤ 8 n ∈ {3} 8 < (1, 1, 1, 0, 0, 0; n) ≤ 12 n ∈ {2} 12 < (1, 1, 1, 0, 0, 0; n) < 24 n ∈ {} (1, 1, 1, 0, 0, 0; n) = 24 n ∈ {5, 6, 10, 11, 13, 19, 22, 37, 43, 58, 67, 163} 24 < (1, 1, 1, 0, 0, 0; n) < 48 n ∈ {9, 18, 25, 27} (1, 1, 1, 0, 0, 0; n) = 48 n ∈ {14, The idea of relating a form to x 2 + y 2 + z 2 to count the number of representations is not new. Indeed, this idea was developed by Dickson [8] , and is the main technique of Kaplansky [18] where he determined the integers which are represented in an essentially unique way by the forms x 2 + y 2 + 2z 2 , x 2 + 2y 2 + 2z 2 , and x 2 + 2y 2 + 4z 2 . We mention that although all the Theorems listed in [18] are correct, some of the main Lemmas (Lemma 3.1-3.3) can easily be misinterpreted. We chose to restate and augment these important Lemmas of Kaplansky.
Lemma 3.2 (Kaplansky).
Let n be a nonnegative integer. We have We now go beyond Kaplansky's forms and relate the non-diagonal forms (1, 1, 1, 1, 1, 1 ), (3, 3, 3, −2, 2, 2), and (1, 3, 3, 2, 0, 0) to x 2 + y 2 + z 2 to find the integers which they uniquely represent.
The form (1, 1, 1, 1, 1, 1) has discriminant 2 and 48 automorphs. We write f (x, y, z) := x 2 + y 2 + z 2 + yz + xz + xy. It is easy to check that f (x, y, z) ≡ 0 (mod 2), if and only if x ≡ y ≡ z (mod 2).
For any x, y, z we must have x ≡ y ≡ z (mod 2) or we have one of the following: x ≡ y ≡ z (mod 2), x ≡ z ≡ y (mod 2), or y ≡ z ≡ x (mod 2). We note that (3.16)
and thus we have (3.17)
x,y,z
The substitution x → (−x + y + z), y → (x − y + z), and z → (x + y − z), guarantees the condition x ≡ y ≡ z (mod 2), hence
The substitution x → (−x + y + z), y → (x − y + z), and z → (x + y − z + 1), gives x ≡ y ≡ z (mod 2), and we have (3.19) x≡y ≡z (mod 2)
2 )+2(y+z) .
We have now proven the following lemma. We find the solutions to 0 < (1, 1, 1, 1, 1, 1; 2n) ≤ 48 to be 2n = 4 We now consider the form g := (3, 3, 3, −2, 2, 2) of discriminant ∆ = 64 and |Aut(g)|=48. We see that g(x, y, z) := 3x 2 + 3y 2 + 3z 2 − 2yz + 2xz + 2xy is even if and only if x + y + z ≡ 0 (mod 2). The substitution x → (y + z), y → (x − z), and z → (x − y), ensures x + y + z ≡ 0 (mod 2), and we have The substitution x → (y +z +1), y → (x−z), and z → (x−y), guarantees the condition x+y +z ≡ 1 (mod 2), and we have
Combining (3.26) and (3.27) yields the following lemma.
Lemma 3.7.
(3.28)
x,y,z q 3x 2 +3y 2 +3z
Lemma 3.7 implies The integers n which satisfy (3.31) is exactly Prelist(1, 1, 1, 0, 0, 0), which we derived earlier in the section. The integers which satisfy (3.32) is the finite subset of integers which are congruent to 3 modulo 8 and are in Prelist(1, 1, 1, 0, 0, 0).
Using Maple V.15 we check these solutions for unique representation, and find the following theorem. The three forms considered so far, (1, 1, 1, 0, 0, 0), (1, 1, 1, 1, 1, 1) , and (3, 3, 3, −2, 2, 2), all have the maximum number of automorphs: 48. Let us briefly consider the form (1, 3, 3, 2, 0, 0) which has 8 automorphs.
The form h = (1, 3, 3, 2, 0, 0) is of discriminant ∆ = 32 and |Aut(h)|=8. To connect (1, 3, 3, 2, 0, 0; n) to (1, 1, 1, 0, 0, 0; n) we note that x 2 + 3y 2 + 3z 2 + 2yz = x 2 + (y − z) 2 + 2(y + z) 2 , and we can use Lemma 3.2 to reduce (1, 1, 2, 0, 0, 0) to (1, 1, 1, 0, 0, 0 
2 .
Making use of (3.15) and observing that
we find Employing (3.34) -(3.37) along with Table 1 allows us to solve 0 < (1, 3, 3, 2, 0, 0; n) ≤ 8.
According to Table 1 We now have all solutions to 0 < (1, 3, 3, 2, 0, 0; n) ≤ 8. Using Maple V.15 we directly check these integers for unique representation to arrive at the following theorem. 
Some ternary forms of discriminant 4096 and 8192
The discriminant 4096 is the largest discriminant which is a power of 4 and contains a ternary idoneal form [17] . Indeed the two forms (5, 13, 20, −12, 4, 2) and (5, 12, 20, 8, 4, 4) are both idoneal and of discriminant 4096. These forms are alike in the sense that they can be connected to (1, 1, 1, 0, 0, 0) to find the integers which they uniquely represent. The form (5, 12, 20, 8, 4, 4) has only 2 automorphs, and can be handled similarly to (5, 13, 20, −12, 4, 2) . We now deduce the integers uniquely represented by (5, 13, 20 , −12, 4, 2).
As mentioned, we can relate (5, 13, 20, −12, 4, 2; n) to (1, 1, 1, 0, 0, 0; n) as given in the following theorem. Table 1 gives all integers n such that 
Letting n = 4 a v, with 4 ∤ v, we see (4.7) implies the bound (4.8) (5, 13, 20, −12, 4, 2; n)
The local 2-adic density of f is given by
The values of d f,2 (n) not covered in (4.9), are listed in Table 2 . 
We used Sage 5.1 in computing the above densities. We refer the reader to [5] and [14] for more details on computing local densities.
We can use (4.8) along with (4.9), (2.10), and Table 2 , to find all n that satisfy 0 < (5, 13, 20, −12, 4, 2; n) ≤ 4. We write n = 4 a v with 4 ∤ v and split our analysis according to the cases a = 0, 1; a = 2; or a ≥ 3. Case 2: a = 2.
Since a = 2, we must consider n = 16v with 4 ∤ v. Particularly, when v = 1, we have n = 16, and (5, 13, 20, −12, 4, 2; 16) = 2, so n = 16 is a candidate for unique representation by f . However, v = 3 implies n = 48, and (5, 13, 20, −12, 4, 2; 48) > 4, so we need not consider v = 3. Using (2.10), (4.8), (4.9), and 
Inequality (4.12) shows that we need only consider v ≡ 1, 2 (mod 4) when solving 0 < (5, 13, 20, −12, 4, 2; 16v) ≤ 4. We are left to solve h(−4v) = 1 with 1 < v ≡ 1, 2 (mod 4), and we find the only solution is v = 2. Therefore, we see that n = 32 is a candidate for unique representation.
Case 3: a ≥ 3.
We directly consider n = 4 a v with 4 ∤ v and a ≥ 3. Using (2.10), (4.8), (4.9), and We now treat the form g := (7, 15, 23, 10, 2, 6 ). g has discriminant ∆ = 2 13 = 8192 and |Aut(g)|=2. We remark that 8192 is the largest discriminant which is a power of two and contains a ternary idoneal form [17] . We can relate (7, 15, 23, 10, 2, 6 ; n) to (1, 1, 1, 0, 0, 0; n) as given in the following theorem. Employing Table 1 along with Theorem 4.3 implies (7, 15, 23, 10, 2, 6) does not uniquely represent infinitely many integers. We chose to use the method of Section 2 to treat the form (7, 15, 23, 10, 2, 6 ).
Using (2.8) we have (4.21) (7, 15, 23, 10, 2, 6;
Let us write n = 4 a v, with 4 ∤ v. We find the 2-adic local densitiy of g to be
The values of d g,2 (n) not covered in (4.22) are listed in Table 3 . We now break our analysis into two cases depending on the parity of the order of 2 in n.
Employing (2.10), we have
and combining (4.21) with (4.23) yields (4.24) (7, 15, 23, 10, 2, 6; n)
The form (7, 15, 23, 10, 2, 6) has 2 automorphs, so 0 < (7, 15, 23, 10, 2, 6; n) ≤ 2 is a necessary condition that n be uniquely represented up to the action of automorphs. Solving
requires class number information up to class number 4. We remark that finding the solutions to (4.25) is similar to the process we used when we treated (5, 12, 20, 8, 4, 4) earlier in this section. We find n = 7, 15, 16, 23, 39, 71, 95 are solutions to 0 < (7, 15, 23, 10, 2, 6; n) ≤ 2.
In this case we see L(1, χ(2n)) = L(1, χ(v)), and (4.21) becomes (4.26) (7, 15, 23, 10, 2, 6 ;
Employing (2.10) and (4.26) yields (4.27) (7, 15, 23, 10, 2, 6; n) ≥
We employ (4.22), (4.27), Table 3 , and the tables in the Appendix to find the only number n = 4 a ·2·v with v odd, and 0 < (7, 15, 23, 10, 2, 6; n) ≤ 2, is n = 32.
Combining 
Resolving Some Conjectures of Kaplansky
In the concluding remarks of [18] , Kaplansky regards x 2 + y 2 + 3z 2 as "the next challenge". He computationally found the integers which are uniquely represented by x 2 + y 2 + 3z 2 . We now supply the proof of this conjecture.
In this section we deduce the integers which are uniquely represented by the forms (1, 3, 3 , 0, 0, 0) and (1, 1, 3, 0, 0, 0). These two forms are intertwined with each other since for any nonnegative integer n, we have (1, 3, 3, 
with all notation as defined in Section 2. Since (1, 3, 3, 0, 0, 0; n) = (1, 3, 3, 0, 0, 0; 9n), we only consider 9 ∤ n. We write n = 4 a v with 4 ∤ v and 9 ∤ v. We refer to [5] and [14] for the following local density results:
v ≡ 3, 6 (mod 9), and
Either by congruence considerations or by employing (5.2), it is clear that (1, 3, 3, 0, 0, 0; n) = 0 when n ≡ 2 (mod 3), so we do not consider such n. Using (2.6) we see
Employing (5.1), (5.2), and (5.4), we find
Let n = 4 a v with 4 ∤ v, 9 ∤ v. Using (2.10) and (5.3) we have
Combining (5.5) and (5.6), we find our lower bound for (1, 3, 3, 0, 0, 0; n) in terms of the class number, where n = 4 a · v with 4 ∤ v, 9 ∤ v.
, 30, 33 (mod 36).
The form (1, 3, 3, 0, 0, 0) has 16 automorphs. Employing (5.7) along with the tables given in the Appendix, gives that there are exactly 53 numbers n with 9 ∤ n and 0 < (1, 3, 3 , 0, 0, 0; n) ≤ 16. These 53 numbers are the numbers in the set S ={1, 3, 4, 6, 7, 10, 12, 13, 15, 21, 22, We have now resolved the conjecture of Kaplansky, concerning the forms (1, 3, 3, 0, 0, 0) and (1, 1, 3, 0, 0, 0). We comment that an almost identical analysis holds for the other idoneal forms of discriminant 36. We move on to treat a second conjecture of Kaplansky given in the concluding remarks of [18] .
In the concluding remarks of [18] , Kaplansky considers the forms x 2 + 2y 2 + 3z 2 . His Theorem 7.2 states that the even integers which are uniquely represented by x 2 + 2y 2 + 3z 2 are the odd powers of 2. He does not show the proof of this theorem, but instead offers it as an exercise to the reader. Kaplansky computationally found the odd integers which are uniquely represented by x 2 + 2y 2 + 3z 2 , but admits that the proof was not yet accessible.
We use the method of Section 2 to find the odd integers which are uniquely represented by x 2 + 2y 2 + 3z 2 . For the rest of our consideration of (1, 2, 3, 0, 0, 0; n) we take n to be odd.
Let g = (1, 2, 3, 0, 0, 0) which is of discriminant 24 and has 8 automorphs. Employing (2.8), we find
with all notation as defined in Section 2.
We find that for n odd, we have d g,2 (n) = 1. The 3-adic local density for g is given by the following Lemma.
Lemma 5.3. Let n = 9 b v with 9 ∤ v. We have
v ≡ 6 (mod 9).
Let n = 9 b · v with v odd and 9 ∤ v. Employing (2.10) we have
Combining (5.3), (5.8), and (5.9) we arrive at
). The form (1, 2, 3, 0, 0, 0) has 8 automorphs, and so we solve for all odd n with 0 < (1, 2, 3 , 0, 0, 0; n) ≤ 8 which requires class number information up to 8. Utilizing (5.10) along with the tables of the Appendix, we find the only odd n with 0 < (1, 2, 3 , 0, 0, 0; n) ≤ 8 to be n = 1, 3, 5, 7, 11, 13, 17, 19, 23, 35, 43, 47, 55, 73, 77, 83. Maple V.15 can be used to check these 16 numbers for unique representation. We have now confirmed and proven the observation of Kaplansky regarding (1, 2, 3, 0, 0, 0) [18] .
Outlook
The method of employing the Siegel formula along with class number bounds easily extends to classifying the integers which are represented in essentially k ways by an idoneal ternary quadratic form. One can use this paper as a guide to deduce the integers which are represented in an essentially unique way by any of the 794 idoneal ternary quadratic forms. It would be interesting to find the class number bounds that are necessary to classify the integers which are represented in an essentially unique way by any of the 794 idoneal ternary quadratic forms.
The restriction of the form being idoneal is not always necessary to find the integers which are uniquely represented by that form. To demonstrate this, we consider the form (1, 3, 3, 1, 0, 1) which is not idoneal, since (1, 1, 11, 1, 1, 1) shares the same genus. It can be shown that (1 − q n ). Equation (6.1) shows that for n ≡ 1 (mod 4) we have (1, 3, 3, 1, 0, 1; n) = (1, 1, 11, 1, 1, 1; n). So when n ≡ 1 (mod 4) we have Thus we obtain 0 < (1, 3, 3, 1, 0, 1; n) ≤ 1 3 (1, 1, 1, 0, 0, 0; 2n) for n ≡ 1 (mod 4). We are left to solve (1, 1, 1, 0, 0, 0; 2n) ≤ 12 for n ≡ 1 (mod 4), and we find only n = 1 as a solution. Indeed, n = 1 is the only integer which is represented uniquely (up to the action of Aut (1, 3, 3, 1, 0, 1) ) by the form (1, 3, 3, 1, 0, 1) .
It is of interest to see which ternary quadratic forms uniquely represent (up to the action of automorphs) only a finite number of integers. The diagonal form (1, 2, 4, 0, 0, 0) considered by Kaplansky has this property, as well as the forms (1, 3, 3, 2, 0, 0), (5, 13, 20 , −12, 4, 2), (7, 15, 23, 10, 2, 6) , and (1, 3, 3, 1, 0, 1), which were considered in this paper. The authors intend to address this topic in a subsequent paper.
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Appendix
Below we list the negative of the 527 discriminants (fundamental and nonfundamental) of binary quadratic forms with class number ≤ 8 according to the isomorphism class of the class group. We denote the class group of discriminant D by H(D), and we denote the cyclic group of order n by Z n . We remark that we generated the tables below by utilizing the bounds found in [23] 
